Introduction
Hypersingular integrals play an important role in the recent development of boundary element methods (BEM). Many hypersingular integral formulations have been proposed and applied to solve boundary value problems using boundary element techniques. One can distinguish two main approaches: those which use the Cauchy Principal Value (CPV) and those which use formulations in terms of the Finite Part (FP) (see Guiggiani, 1995; Mantic, 1994; Sladek and Sladek, 1996; Tanaka, Sladek and Sladek, 1994) . One of the hypersingular formulations in terms of Cauchy principal values has been developed by Mansur, Fleury and Azevedo (1997) for two-dimensional potential problems. This approach ensures that the singular terms cancel out. The hypersingular equation is obtained by assuming that the solution is Hölder continuous ruling out collocation points on edges and corners, so that discontinuous elements have been adopted. The finite part approach was used, for instance, in papers by Guiggiani (1995) and Mantic (1994) and required the evaluation of additional free terms. An alternative approach that results very simple expressions to calculate the hypersingular integral was proposed by Kolm and Rokhlin (2001) , however this method is restricted to twodimensional problems only. 1 This paper presents a hypersingular formulation for threedimensional potential problems using Cauchy principal value integrals. These CPV integrals are computed by using Hadamard's FP, following the one-dimensional technique developed by Brandão (1987) . The existence of Cauchy's principal value integrals is explained. Collocation points are placed inside the boundary elements so that free terms can be computed through simple expressions. The resulting integrals are one-dimensional and regular and can be evaluated by Gaussian quadrature. In the numerical implementation, triangular and quadrangular linear or quadratic boundary elements have been used. We compare results of numerical implementation of our formulation and BEM formulation based on the Classical Boundary Integral Equation (we call it "classical formulation"). 
Hypersingular Boundary Integral Equation
The solution of the boundary value problem for Laplace's
is considered here. The numerical solution of this problem can be obtained by using the Classical Boundary Integral Equation (CBIE), see Brebbia, Telles and Wrobel (1984) : 
where r = | x -ξ | and ( )
The hypersingular formulation arises by taking the directional derivative of Eq. (1), with respect to the source point ξ. Note that in three-dimensional integral equations, strong singularities and hypersingularities exist whenever the source point ξ is placed on the boundary.
When the source point is situated inside the domain Ω, functions ) , ( x u ξ * and ) , ( x p ξ * are regular. Thus, Eq. (1) can be differentiated along any direction ω yielding the following boundary integral equation:
If the source point ξ is located on Γ, Γ augmented by a small ball ) (ξ ε B centered at ξ with radius ε (Fig. 1) . The integrals are evaluated now along a new boundary consisting of two parts: Γ-Γ ε and ε Γ , being ε Γ the boundary of ) (ξ ε
B
, as shown in Fig. 1 . The boundary integral equation obtained by this procedure is given by Eq. (3), where in order to restore the original Ω domain and Γ boundary, one takes the limit when ε → 0 in this equation:
where ( ) The limit indicated in Eq. (3) exists in a neighborhood of ξ
for k=1,2,3; x → ξ . The limit of the second integral in Eq. (3) can be considered by parts:
Taking into account that on boundary :
and using Eq. (4) and considering that on :
Therefore, Eq.(3) can be written as:
The limit of the second integral on the l.h.s. of equation (5) 
and p n =0, thus in Eq. (6):
Therefore, the equation for the normal derivative in ξ∈Γ, is obtained in the CPV form, (see Fig. 2 
where ( ) The integral equation for boundary derivatives (when Γ ∈ ξ ) in the direction of a unit vector τ i can be obtained similarly:
The integral equations (7) and (8), obtained here in CPV terms, can also be calculated, following Brandão (1987) , as FP integrals, by using Taylor expansion and polar coordinates, as shown in the Section 3. In addition to the normal derivative, two tangent derivatives in two arbitrary orthogonal directions ) 2 , 1 ( i = i τ can be calculated in order to define completely the gradient at any boundary point.
Existence of the Cauchy's Principal Value
The Hölder continuity condition, Eq. (4), is necessary for the existence of CPV. If the integral with hypersingular kernel exists in the CPV sense, this integral exists as a sum of finite parts. The developments to be performed in what follows require two successive coordinates changes; the first from cartesian to natural coordinates and the second from natural to polar coordinates:
Expressions (10), (12) and (14) can be used to calculate CPV in terms of finite parts. The existence of CPV in Eq. (7) and taking into account Eqs. (7), (9) and (11) 
This is due to the presence, in 1 g , of the inner products of orthogonal vectors, (see Section 4.1). Therefore, with (15), (16) and (17)
holds, as well as 
; the terms containing ,... , 2 1 C C vanish and one is left with 0 C (the finite part) plus terms which tend to infinity with growing orders of singularity. Eq. (19) has no limit; thus
has no limit either, but it has the same finite part and same singular terms coefficients ,... , 2 1 C C . The lack of analysis of the existence of this limit is one of the reasons for errors when computing the free terms in earlier formulations (Guiggiani et al., 1992) . The formulation presented here, Eq. (7), includes all free terms without leaving out any terms.
If the boundary is not smooth when the source point is at a corner, additional free term arises from the discontinuity of the normal vector at the collocation point on the boundary. The detailed analysis and evaluation of the free terms in this case is given in Mantic and Paris (1995) .
Therefore, a general formulation (7), for smooth or not smooth boundaries, does not require the computation of other free terms; these are included in the r.h.s. of Eq. (7) except the ) (ξ n p coefficient (l.h.s) that will depend on the interval angle at ξ. 
Numerical Implementation
The boundary Γ is subdivided into E elements, i.e., 
Singular Integrals
The influence coefficients in the elements e Γ , σ ≠ e can be evaluated using Gaussian quadrature. To determine the influence coefficients containing singularities (element σ Γ ), one simply has to write the original integral as simple integrals by using directly Taylor expansion around the singular point ) , ( ' 2 1 η η ξ ξ = in polar coordinates, as described in Appendix A3 (see Huacasi, 1999; Guiggiani et al., 1992 and Mantic, 1994) . Following Brandão (1987) , the one-dimensional CPV integrals are simply computed as the sum of FP integrals, as shown in Appendix A2, (see Hadamard, 1923; Brandão, 1987 and Huacasi, 1999) , thus avoiding subtractions and additions usually adopted to separate singular and regular integral terms as can be seen in Guiggiani et al., 1992; Karami and Derakhshan, 1999. If quadrilateral plane elements are used, it is convenient to subdivide the singular element into triangles and, following Brandão (1987) , the coefficient σ if h becomes a one-dimensional regular integrals which can be evaluated using Gaussian quadrature over the four triangles, i.e:
where g N is the number of Gauss points. For curved elements, expression (22) below holds, being worthwhile noting that Brandão's approach has been used in conjunction with some developments presented by Guiggiani et al. (1992) to transform natural to polar coordinates, that is: 
Therefore, in the three-dimensional boundary element formulation presented here, all singular boundary integrals can be evaluated as one-dimensional Riemann integrals. 
J. of the

Validation
In order to show the efficacy of the proposed hypersingular formulation two examples are considered here. The functional nodes (source points ξ) are always located inside the element. As the problems are symmetric, only a quarter or one-half of the domain was discretized. The full domain is taken into consideration by using appropriate reflection of the symmetric elements. To solve the resulting system of linear equations the Gauss method is used.
Example 1. The solution of Laplace's equation in a hollow cylinder with length l = 50 units is analyzed now, where the potential on the inner surface is u = 100 and on the outer surfaces is u = 0; on upper lateral surfaces n p is considered and x 1 x 2 is a symmetry plane, the boundary is discretized using quadrilateral isoparametric quadratic boundary elements. The results for hypersingular and classical formulation are given in Table 1 . Example 2. In this example, Laplace's equation is solved in a sphere with a cavity is analyzed. A horizontal symmetry plane has been used so that only half of the boundary had to be discretized. The boundary conditions are: the potential u = 10 and u = 5 on the interior and exterior surfaces, respectively. The solution obtained is shown in Table 2 . The tests show good agreements of the results obtained by implementation of our hypersingular with the classical formulation results.
Conclusions
The hypersingular formulation discussed in this paper in terms of CPV is direct and simple. The choice of collocation points located inside the boundary elements allows to compute the free terms through simple expressions. The existence of the Cauchy principal value is explained by showing that divergent terms of the finite part integral cancel each other. The one-dimensional Brandão's technique to calculate the CPV integrals used to solve three-dimensional problems leads to integrals which are regular onedimensional and that can be calculated by Gaussian quadrature. The numerical solution of the test examples show good agreement with the classical formulation, validating the proposed formulation and the technique used to evaluate the CPV integrals. n an orthogonal coordinate system at the point ξ , where ) (ξ n is normal to Γ at ξ . Then, in spherical coordinates, we have ( Fig.1) :
. Then, changing from orthogonal coordinates to spherical ones, we get: Fig. 1 
A2. CPV Computation
Considering parametric coordinates instead of global Cartesian coordinates, one has for the CPV integral:
When the transformation to polar coordinates ) , ( θ ρ is used, this integral can be written in FP terms. When a coordinate system
(image of ξ in parametric transformation) is considered, the following relation holds:
Only the first two terms of the series need to be considered, since 0 lim → ρ of the others vanish.
Note that there is no need to be restricted to the first two terms of the Taylor series; in fact, any order of singularity can be dealt with following the approach presented here. The n-1 first terms of the Taylor expansion (A2.2) in polar coordinates can be used to remove singularities of order n-1, whenever
in the neighborhood of ξ. This idea was used previously by Karami and Derakhshan (1990) in order to generalize the procedure presented in Guiggiani et al. (1995) . Now, from (A2.1) and (A2.2) one obtains:
For plane elements, following Brandão (1987) , one can write:
and expressions (21) and (23) 
